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Film-Cooling Effectiveness and Skin Friction
in Hypersonic Turbulent Flow

AUBREY M. GARY JR.* AND JERRY N. HEFNER|
NASA Langley Research Center, Hampton, Va

Experimental equilibrium temperatures and skin friction at the surface of a flat plate cooled by two-dimensional,
tangential slot injection are presented for a Mach 6 mainstream. Effects of slot height, slot mass-flow rate, injection
gas temperature, and heat conduction to the slot are investigated. Experimental skin friction and effectiveness data in
general agree well with predictions from a finite-difference method. Film cooling at Mach 6 was found significantly
more effective than at lower speeds, with large reductions in friction drag measured downstream of the slot These
results indicate the necessity for a new evaluation of film-cooling systems for hypersonic vehicles.

Nomenclature

Cf = skin-friction coefficient, i
M = Mach number
p = pressure
q = dynamic pressure, \ pu2

Re = unit Reynolds number, p^ujfi^
5 = slot height
T = temperature
TJ)AV = average slot total temperature, -

S
t — slot lip thickness
w = velocity
x = distance downstream of slot
Y = distance above plate surface;
Y' = distance above top of slot lip
6 = boundary-layer velocity thickness (at u/u^ = 0.995)
d* = displacement thickness
e = effectiveness parameter, (rt>00 - req)/(rt)QO - rtj)
6 = momentum thickness
A = mass flow parameter, /
\i = dynamic viscosity
p = density

Subscripts
cl = cooling length
eq = equilibrium
j = slot
o = without slot
t = total or stagnation
w = wall
oo = freestream

Introduction

F ILM cooling is one means of decreasing the operational
surface temperature of a high-speed flight vehicle below the

radiation equilibrium temperature. With the surface temperature
at a lower level, lighter and less expensive materials can be used
in structural fabrication. Transpiration and convective cooling
systems have been evaluated for flight application,1 but a paucity
of experimental information and analytical prediction methods
prevents such an evaluation for film-cooling systems. Results
from film-cooling experiments for subsonic mainstream flow
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(see Refs. 2 and 3 for a summary of low-speed results) and from
one experiment4 at Mach 3 have been used5'6 to estimate the
efficiency of film cooling in high-speed flow, and it was found that
film cooling was inferior to transpiration cooling. However,
recent investigations3'7"9 at Mach 6 show significantly more
effectiveness^for film cooling in high-speed turbulent flow than
at lower speeds or than indicated by extrapolations of low-speed
results to high speeds.6 While effectiveness data presented in
Refs. 3, 7, and 8 are questionable,2 they suggest increased effi-
ciency for film-cooling systems for high-speed aircraft.

The present paper reports on accurate measurements at Mach
6 of surface equilibrium temperature (and thus effectiveness)
and skin friction downstream of a two-dimensional sonic slot
with tangential air injection into a thick, turbulent boundary
layer. The effects on skin friction and effectiveness of slot height,
slot mass-flow rate, injection gas temperature, and heat con-
duction in the slot are presented for a significant range of each
variable. The present data are compared with predictions from
a finite-difference method2 which utilizes eddy diffusivity and
mixing length concepts to solve the compressible turbulent
boundary-layer equations with tangential injection. The present
results are also compared with previous experimental data and
correlations.

Test Apparatus and Model

A fiberglass flat plate (35.5 cm wide and 91.4 cm long) with end
plates (see Fig. 1) was mounted parallel with an recessed below
the flat tunnel wall of the Langley 20-in. Mach 6 wind tunnel.10

Flush-mounted thermocouples along the center line determined
plate surface temperatures and three floating element gages lo-
cated 6.36 cm off centerline determined skin friction. Pressure
orifices were located 3.81 cm off centerline at four x-locations.
The slot flow ejected tangentially along the surface of the flat

FIBERGLASS-INSULATED FLAT-
P L A T E

Fig. 1 Two-dimensional film-cooling model and slot configuration.
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plate and was uniform over a midspan of at least 20 cm. The slot
configuration, shown in the insert of Fig. 1, could be adjusted to
provide slot heights (S) of 0.159, 0.476, and 1.11 cm while the lip
thickness (i) was fixed at 0.159 cm. The slot mass-flow rate (p-u^
was regulated so that the ratio of measured slot mass-flow rate to
calculated freestream mass-flow rate (A) ranges from 0.03 to 1.60.
The freestream total temperature (7J>00) and unit Reynolds num-
ber per cm (Re/cm) were 478° K and 6.24 x 106, respectively. The
temperature of the slot flow was controlled by using a liquid
nitrogen heat exchanger and varied from 166° K to 311° K.

Measurements and Test Procedures

Surface and pitot pressures were measured by multirange
capacitance-type pressure transducers calibrated to better than
1% accuracy. The tip of the pitot probe was 0.025 cm high and
0.092 cm wide; the total temperature probe was a shielded ther-
mocouple with base bleed and a circular tip of 0.152 cm diam.
The temperature probe was calibrated for Mach numbers from
2 to 8.5 and Reynolds numbers per cm from 0.016 x 106 to
0.4 x 106, and no temperature correction was required over this
range of conditions. Velocities were calculated by using the probe
values of temperature and pressure along with the assumption
of constant static pressure across the slot exit and tunnel wall
boundary layer.

A plate surface temperature was considered to be in equili-
brium when it changed less than 0.1% over a time interval of
100 sec. Calculated conduction error in the measured equilibrium
temperature was less than 1% for the most severe case and was
thus neglected Generally, only the forward portion of the plate
surface (x < 46 cm) reached equilibrium temperature in the
available test time («1000 sec).

The null-type skin friction balances (Kistler) had a floating
element diameter of 0.94 cm, a surrounding gap width of 0.01
cm, and multiple sensitivities of 0.15 g/cm2, 1.5 g/cm2, and 15
g/cm2. The balances were statically calibrated before and after
the test program by applying a known load and measuring the
voltage necessary to null the balance. The calibration remained
constant throughout the tests within 3%. Water-cooled jackets
maintained the balance internal temperature below 360° K and
thus minimized errors due to temperature sensitivity.

Results and Discussion

Boundary-Layer and Slot Profiles
The tunnel wall boundary-layer velocity and total temperature

profiles at the slot location for the present freestream conditions
are shown in Fig. 2. The momentum thickness Reynolds number
is approximately 4.4 x 104, and the velocity thickness (<5) is
approximately 5.08 cm. The temperature profile is similar to
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Fig. 3 Measured slot profiles; A « 0.05 for "hot" flow, A « 0.06 for
"cold" flow.

other turbulent profiles measured on nozzle walls11 and would
show a quadratic relation with velocity in terms of the Crocco
variables [(7; - TJ/(7;>00 - TJ against ii/Moo].

Examples of velocity and total temperature profiles measured
at the slot exit for both room-temperature air injection ("hot"
flow) and cooled air injection ("cold" flow) are presented in Fig. 3
for each of the three slot heights. For these data, the slot flow
rate was regulated such that the static pressure at Y/S = 0 was
the same as the freestream static pressure. Values of TtJ/Tt>(X)
given on the figure were determined from measured values of
temperature in the slot manifold (see Fig. 1) and freestream
stagnation temperature; deviations in the slot temperature pro-
files from TtJ/Tttao result mainly from conduction of heat from
the mainstream flow through the slot lips and into the slot flow.
This conduction effect is most pronounced in the "cold" flow
profiles and in particular for the smallest slots (S = 0.159 cm).
Of the velocity profiles shown in Fig. 3, only the S = 0.159 cm
slot profile has almost fully developed channel flow. These slot
profiles along with the tunnel wall profiles are used as inputs for
finite-difference calculations of the downstream flow presented
later.

Surface Pressure Distribution
Typical surface static pressures shown in Fig. 4 were measured

at four locations downstream of the slot exit for various A and
showed that mass injection does not significantly affect the surface
pressure except in the vicinity of the slot. Near the slot (x = 0.635
cm) the injected mass strongly influences the pressure, and the
pressure level corresponds to the degree of expansion of the flow
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Fig. 2 Tunnel wall boundary-layer profiles at the slot lip. Fig. 4 Surface pressure distribution downstream of the slot.
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Fig. 5 Film-cooling effectiveness; TitJT^ = 0.63.

from the slot. The surface pressure approximately equals the
stream static pressure (PJPWO « 1) for a small range of A and is
hereafter referred to as "matched" pressure conditions.

Effectiveness
A summary of the measured surface equilibrium temperatures

for Tttj/Ttt00 = 0.63 is presented in Fig. 5 in a form which corre-
lated similar data in Refs. 3, and 7-9. The measured slot manifold
(stagnation) temperature was used to reduce surface equilibrium
temperature to effectiveness, even though, as shown in Fig. 3, the
temperature is not, in general, constant across the slot. Data are
presented for the three slot heights with constant lip thickness
(t = 0.16 cm) and various values of injection flow rate. The
effectiveness data correlate in a relatively narrow band for the
slot mass-flow rates (all sonic injection) and slot heights of this
investigation. The best power-law fairing of the data for all three
slot heights and (x/5)/l~° 8 > 100 is included in Fig. 5. Thus the
present range of slot height and mass-flow rate do not̂  signi-
ficantly influence the correlation of effectiveness for (x/S)A~0t8 >
100. Effectiveness apparently decreases with increasing slot
height for (x/S)A~°-8 < 100 (see Fig. 5). However, this effect is
thought to be predominantly caused by heat conduction from
the freestream flow through the metal slot, lip and into the slot
flow rather than an effect of slot height.

Cooling the slot flow alters the correlation from that shown in
Fig. 5. Effectiveness data for TtJ/Tttao = 0.43, correlated as in
Fig. 5, are shown in Fig. 6. Data are presented for each slot height
at the "matched" pressure condition and at a higher value of A
for the largest slot. The data again correlate for all three slots and
the A range, but the effectiveness is lower and decreases more
rapidly than for the higher injection temperature of Fig. 5. The
equation for the power-law fairing of the data is shown in Fig. 6.
This decrease in efficiency is partially due to heat conduction
through the slot lips in that the temperature in the slot is higher
than the slot manifold temperature (see Fig. 3); however, when
an average slot total temperature (TjtAV, see nomenclature) is
used to define effectiveness, the slot cooling efficiency is still
significantly less than at the higher slot-to-freestream total tem-
perature ratio. Therefore, empirical effectiveness correlations,
such as presented herein and in Refs. 3, and 7-9, should depend
on TtJ/Ttt00. Since all of these data were for Mach 6 mainstream

1000

1.6

1.4

1.2

Cf 1.0
Cf,o .8

.6
MATCHED

_ PRESSURE
CONDIT ION a) S=O. I58

, , , , I_____I

x ,-0.8

Fig. 6 Film-cooling effectiveness; TtJ/Titao = 0.43.

Fig. 7 Skin friction downstream of the slot; rtj/rt)00 = 0.63.

flow, the correlation may also depend on Mach number. Heat
conduction from the freestream to the slot flow is probably pre-
sent in flight and will complicate predictions of slot effectiveness.

Skin Friction
Local surface skin-friction coefficients with the plate surface

temperature at equilibrium and TtJ/Tt>ao = 0.63 are shown in
Fig. 7 as Cf/Cf>0 against A where Cf>0 is the value of the local
skin-friction coefficient without the slot present (see insert of
Fig. 7a). Slot mass injection generally reduces the level of skin
friction downstream of the slot with the greatest reduction near
the slot exit. Increasing the slot mass flow rate first decreases the
local skin friction to a minimum; thereafter, the skin friction
monotonically increases. The minimum skin friction does not
in general occur at the "matched" pressure condition but at a
higher slot flow rate. Skin-friction data could not be simply
correlated to account for variation in A and slot height as was
true for effectiveness. However, it is obvious from Fig. 7 that
significant reductions in skin friction downstream of the slot are
possible.

Finite-Difference Method Predictions
The present effectiveness and skin-friction data can be com-

pared with predictions from an implicit finite-difference method2

when initial slot and boundary-layer profiles are available for
nearly "matched" pressure conditions. In Ref. 2 the partial-
differential equations for the mean motion of a compressible
turbulent boundary layer with tangential injection are solved by
an implicit finite-difference procedure with the following physical
assumptions: 1) air-to-air injection, 2) constant pressure field
across the boundary layer (dP/dY= 0 everywhere, no shocks),
and 3) thin slot lip (no flow separation or recirculation). The
constant pressure field assumption is approximately satisfied for
the present data at the "matched" pressure condition for which
experimental slot profiles are available (Fig. 3). Predictions from
the finite-difference method for this "matched" pressure con-
dition are compared with experimental effectiveness data in Fig.
8 and corresponding skin-friction data in Fig. 9 for each slot
height and two slot-to-freestream total temperature ratios.

Although the thin-lip assumption of the theory is violated to
some extent for all slots, predictions of the effectiveness shown
in Fig. 8 show good agreement with data through the entire range
of (x/5)A~°'8 at both temperature ratios except for the smallest
slot (S = 0.159cm). Here, the lip thickness and slot height are
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Fig. 8 Comparison of effectiveness data with finite-difference method
predictions.
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Fig. 9 Comparison of skin friction with finite-difference method
predictions.

equal; the recirculation region behind the slot lip is nearer the
surface and may increase mixing and thus decrease effectiveness
below the predicted level. Also, slot profiles are least accurate for
the 0.159-cm slot because of the small slot size relative to probe
dimensions. The good agreement between the finite-difference
prediction and effectiveness data for the "matched" pressure con-
dition suggests that good predictions of effectiveness for other
than "matched" pressure conditions are possible since all the
present effectiveness data correlate as £ against (x/S)/r°-8.

Predictions of the corresponding skin-friction data shown in
Fig. 9 again agree well with the data even for the smaller slot.
The one exception in the present data is the S = 1.11 cm slot
(Fig. 9c) at about five slot heights downstream; here the theory
substantially overpredicts the experimental skin friction. This
disagreement may be caused by a small separated region on the
plate (indicated by slot profiles near the lower slot lip) resulting
in lower measured skin friction. Comparing skin-friction data
for the two different slot flow temperatures with the same slot
height in Fig. 9 indicates that the skin-friction coefficient is little
affected by slot flow temperature. The accuracy of predictions of
skin friction and effectiveness for the present investigations is
considered adequate for most design purposes. Predictions for
effectiveness and skin friction are generally valid for the near-
slot region [x/S < 20,(x/S)A~°-8 < 100] as well as far down-
stream.

The predicted local skin-friction distributions from Fig. 9 were
integrated to determine the skin-friction drag reduction due to
slot injection. The total drag reduction over a distance of 50 slot
heights downstream is 40%-48% for all shots and both slot
flow temperature ratios; the comparable reduction over a
distance of 100 slot heights is 26-35%. These significant drag re-
ductions would partially offset the drag penalties of a film-cooling
system on a flight vehicle.

Results of an analytical exercise to determine the effect of slot
flow temperature and heat conduction to the slot on effectiveness
and skin friction ;for the 0.476-cm slot are shown in Fig. 10. Slot
profiles were input so that the effect of conduction at a given
Ttj/Ttj00 could be observed (i.e., the measured profile from Fig. 3
is affected by heat conduction while a constant temperature pro-
file equal to Tttj/Tttao. is free of conduction effects). Also, by com-
paring predictions for a constant temperature profile at each
Ttj/Ttf00 the effects of slot temperature level are evident. Heat con-
duction to the slot flow reduces effectiveness in the near-slot
region [(x/S)A~° 8 < 100] and to a lesser degree farther down-
stream. Skin friction is not significantly affected by heat con-
duction for either temperature ratio/Decreasing the level of the
slot flow temperature significantly decreases the slot effectiveness
for (x/S)A~°-8 > 100 but affects skin friction only in the near-
slot region (x/S < 10). In fact, skin friction for x/S > 10 is nearly
independent of the present range of slot flow temperature.
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Fig. 10 Predicted effects of slot temperature and conduction on
effectiveness and skin friction; S = 0.475 cm, A = 0.06-0.07.
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Fig. 11 Cooling length correlations.

Comparison with Previous results
The largest x/S value for which £ is greater than or equal to

l.Q is called cooling length, xct/S. Cooling length for the present
investigation and Ttj/TtiQD = 0.63 can be expressed as xcl/S =
89A° 8, This expression was obtained from the previous power-
law curve fit to the effectiveness data by setting 8 = 1 and solving
for x/S. The above equation is in good agreement with the cooling
lengths found in Refs. 3 and 7 as shown in Fig. 11. Effectiveness
results of Refs. 3, 7, and 8 are affected by the data reduction (see
Ref. 2 for a discussion), but the experimental cooling lengths are
insensitive to data reduction procedures and should be accurate.
The cooling lengths for supersonic mainstream flow are larger
without exception than for subsonic flow; also^ cooling length
distribution for supersonic (Mj = 2.3) slot injection from Ref. 8
(freestream Mach 6) is higher than any other results.

Comparison of the present effectiveness distribution with
selected earlier results is shown for two values of Tttj/Tttao in Fig.
12 for a smail and larger value of 1 The subsonic results from Ref.
13 are representative of subsonic effectiveness data from Refs. 12
-16 within + 40%: Unpublished Mach 6 values of effectiveness
obtained from direct measurements of surface equilibrium tem-
perature at New York University for the same conditions and
configuration as Refs. 3 and 7 were supplied by V. Zakkay and
are included in Fig. 12. The present data derived from direct equi-
librium surface temperature measurements indicate more film
cooling effectiveness that the other Mach 6 results at comparable
Tt,j/ft',<x>- (However, significant differences in <5, t, and S exist be-
between the present experiment and those of Refs. 3, 7, and 8.)
All Mach 6 results indicate significantly greater effectiveness for
film cooling in hypersonic flow than was found for subsonic or
supersonic4 flow.
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Fig. 12 Effectiveness correlations.

Conclusions

An experimental investigation of film cooling with sonic in-
jection from a two-dimensional tangential slot into a thick tur-
bulent boundary layer at Mach 6 resulted in the following con-
clusions:

1) Film cooling at Mach 6 is significantly more efficient than
at lower speeds. The present direct surface temperature mea-
surements indicate that film-cooling effectiveness deteriorates
less rapidly with increasing distance from the slot than was in-
dicated by previous data based on heat-transfer measurements
at Mach 6.

2) Tangential slot injection reduced skin friction downstream
of the slot, with the greatest reductions occuring near the slot.

3) Slot height in the range of this investigation did not signi-
ficantly influence the film-cooling effectiveness correlation for
constant lip thickness.

4) Film-cooling effectiveness was significantly reduced when
the slot total-to-freestream total temperature ratio was de-
creased from 0.63 to 0.43.

5) Heat conduction from the mainstream through the slot
lip significantly altered the slot temperature profile and thus
modified the downstream effectiveness of the slot when the
temperature of the injected gas was sufficiently different from that
of the freestream flow.

6) A finite-difference method provided generally accurate pre-
dictions of effectiveness and skin friction when experimental
profiles were used as initial inputs in the theory and the down-
stream static pressure was constant. Predictions were valid in
the near-slot region (x/S < 20) as well as far downstream.

7) The improved efficiency of film cooling for high-speed flow
over that for subsonic flow and the significant reductions in
downstream drag obtained in the present investigation indicate
that a new evaluation of film cooling as an active cooling system
for use on hypersonic flight vehicles is required.

References
1 McConarty, W. A. and Anthony, F. M., "Design and Evaluation

of Active Cooling Systems for Mach 6 Cruise Vehicle Wings," Rept.
7305-901001, Dec. 1968, Bell Aerosystems Co., Buffalo, N. Y.

2 Beckwith, I. E. and Bushnell, D. M., "Calculation by a Finite-
Difference Method of Supersonic Turbulent Boundary Layers With
Tangential Slot Injection," TN D-6221, 197i, NASA.

3 Parthasarathy, K. and Zakkay, V., "Turbulent Slot Injection
Studies at Mach 6," NYU-AA-68-39, Oct. 1968, Aerospace Research
Lab., Wright-Patterson Air Force Base, Ohio.

4 Goldstein, R. J., Eckert, E. R. G., Tsou, F. K., and Haji-Sheikh, A.,
"Film Cooling With Air and Helium Injection Through a Rearward-
Facing Slot Into a Supersonic Air Flow," HTL TR 60, Feb. 1965,
Mechanical Engineering Dept, Univ. of Minnesota, Minneapolis,
Minn.

5 Brunner, M. J., "Active Codling Heat Protection," Journal of
Spacecraft and Rockets, Vol. 4, No. 6, June 1969, pp. 661-666.

6 Laganelli, A. L., "A Comparison between Film Cooling and
Transpiration Cooling Systems in High Speed Flow," AIAA Paper
70-153, New York, 1970.

7 Parthasarathy, K. and Zakkay, V., "An Experimental Investiga-
tion of Turbulent Slot Injection at Mach 6," AIAA Journal, Vol. 8,
No. 7, July 1970, pp. 1302-1307.

8 Zakkay, V., Sakeli, L., and Parthasarathy, K., "An Experimental
Investigation of Supersonic Slot Cooling," Proceedings of the 1970
Heat Transfer and Fluid Mechanics Institute, Stanford University Press,
June 10-12, 1970, Stanford, Calif.

9 Cary, A. M., Jr. and Hefner, J. N., "Film Cooling Effectiveness in
Hypersonic Turbulent Flow," AIAA Journal, Vol. 8, No. 11, Nov.
1970, pp. 2090-2091.

10Goldberg, T. J. and Hefner, J. N., "Starting Phenomena for
Hypersonic Inlets With Thick Turbulent Boundary Layers at Mach 6,"
TN D-6280, 1971, NASA.

11 Bertram, M. H., Cary, A. M., Jr., and Whitehead, A. H., Jr.,
"Experiments With Hypersonic Turbulent Boundary Layers on Flat
Plates and Delta Wings," Hypersonic Boundary Layers and Flow
Fields, AGARD CP No. 30, May 1968, pp. 1.1-1.21.



SEPTEMBER 1972 FILM-COOLING IN HYPERSONIC TURBULENT FLOW 1193

12 Wieghart, K., "On the Blowing of Warm Air for De-icing
Devices," FB Nr 1900 (1944)—Zentralefur wissenschaftliches Berichts-
wesen, Nov. 1946, AAF Translation F-TS 919 RE.

13 Seban, R. A., "Heat Transfer and Effectiveness for a Turbulent
Boundary Layer With Tangential Fluid Injection," Journal of Heat
Transfer, Nov. 1960, pp. 303-312.

14 Hartnett, J. P., Birkebak, R. C, and Eckert, E. R. G., "Velocity
Distributions, Temperature Distributions, Effectiveness and Heat
Transfer for Air Injected Through a Tangential Slot Into a Turbulent

Boundary Layer," Paper 60-HT-31, Aug. 15-17,1960, presented at the
ASME-AIChE Heat Transfer Conference, Buffalo, N. Y.

15 Chin, J/H., Skirvin, S. C., Hayes, L. E., and Silver, A. H.,
"Adiabatic Wall Temperature Downstream of a Single, Tangential
Injection Slot," Paper 58-A-107, present at the ASME Annual Meeting,
New York, Nov. 30-Dec. 5, 1958. '

16Papell, S. S. and Trout, A. M., "Experimental Investigation of
Air Film Cooling Applied to an Adiabatic y/all by Means of an
Axially Discharging Slot," TN D-9, Aug. 1959, NASA.

SEPTEMBER 1972 AIAA JOURNAL VOL. 10, NO. 9

Accurate Numerical Methods for Boundary-Layer Flows.
II: Two-Dimensional Turbulent Flows

HERBERT B. KELLER*
California Institute of Technology, Pasadena, Calif.

AND
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A very simple and accurate numerical scheme which is applicable to quite general boundary-layer-flow problems
has been devised. It has been tested extensively on laminar flows, turbulent flows (using eddy-diffusivity expressions),
wake flows, and many other such flow problems. The procedure is much faster, easier to program and more flexible
than most (if not all) other numerical methods which have been employed on such problems. This scheme also enables
one to compute extremely close to the point of separation with no special precautions. The inclusion of chemically
reacting species should offer no difficulties. The efficiency of the scheme clearly makes it applicable to three-dimensio-
nal steady, unsteady two-dimensional, and perhaps even unsteady three-dimensional, boundary-layer flows.

Nomenclature

A = damping length, see Eq. (6)
cf = local skin-friction coefficient, 2ijpul
f — dimensionless stream function
H = shape factor, S*/6
p = pressure
p+ = pressure-gradient parameter
Rx = local Reynolds number, uex/v
Re — Reynolds number based on momentum thickness, ueO/v
ur = friction velocity, (tw/p)1/2

U,v = x and y components of velocity
ue — edge velocity
t?i = dimensionless velocity ratio, vw/ur
x,y = rectangular coordinates
ft = velocity-gradient parameter
6 = boundary-layer thickness

f°°d* = displacement thickness, (1 - u/ue) dy
Jo

e = eddy viscosity
Y\ — transformed y-coordinate

f°° _9 = momentum thickness, u/ue (1 — u/ue)dy
Jo

/j = dynamic viscosity
v = kinematic viscosity
£ = transformed x-coordinate
p = mass density
— p(u'v'y = Reynolds shear stress f

= shear stress, wherever applicable
= stream function, wherever applicable

Presented as Paper 71-164 at the AIAA 9th Aerospace Sciences
Meeting, New York, January 25-27, 1971; submitted May 6, 1971;
revision received March 10, 1972.

Index category: Boundary Layers and Convective Heat Transfer—
Turbulent.
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t Senior Engineer/Scientist, Aerodynamics Research Group. Mem-
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^ Primes denote differentiation with respect to 77.

Subscripts
e = outer edge of boundary layer
i = inner region
o = outer region
w = wall

Introduction

THERE is no shortage of numerical methods for solving,
or more properly for approximating the solutions of various

laminar and turbulent boundary-layer equations. The recent
"Turbulent Olympics" volumes1 give an excellent account of
the current state-of-the-art for turbulent boundary-layer com-
putations. The most crucial aspect of problems regarding
turbulent flows is the basic formulation to be employed for the
time-averaged fluctuating quantities that appear in the governing
conservation equations. Since there is no generally accepted
theory of turbulence, the field is essentially in a state of empir-
icism and many different theories or formulations yield results
which agree well with a variety of experiments. On the other
hand, each of these "theories" (i.e., eddy-viscosity, mixing length,
turbulent energy, etc., Ref 1) contain at least several parameters
(if not functions) whose values are selected to best fit the results
of some experiments. Thus, many of these theories resemble a
sophisticated form of curve fitting. However, since they are of
interest in many important problems in engineering, efficient
and accurate numerical methods for their evaluation are of
great importance. In addition, sufficiently flexible schemes enable
three dimensional or time dependent problems to be treated
and modifications to the empirical theories can easily be tested.
This paper presents an extremely simple, accurate and efficient
method that has been devised for these purposes.

The new method is much faster, easier to program and more
flexible than most (if not all) other numerical methods which


